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Abstract 

We provide an analog of Tannaka Theory for Hopf algebras in the context 
of crossed Hopf group coalgebras introduced by Turaev. Following Street 
and our previous work on the quantum double of crossed structures, we 
give a construction, via Tannaka Theory, of the quantum double of crossed 
Hopf group algebras (not necessarily of finite type). 
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Introduction 

Turaev |25[ 1^ generalized Reshetikhin- Turaev ^1 invariants and tlie notion 
of TQFT to the case of 3-manifolds endowed with a homotopy class of maps to 
K{G, 1), where G is a discrete group (see also Le and Turaev and Vire- 
hzier [3H]). One of the key points in is the notion of crossed Hopf G-coal- 
gebra. In the same way as one can use categories of representations of mod- 
ular Hopf algebras to construct Reshetikhin- Turaev invariants of 3-manifolds, 
one can use categories of representations of modular crossed Hopf G-coalgebras 
to construct homotopy invariants of maps from 3-manifolds to the Eilenberg- 
Mac Lane space K{G, 1). Similarly, G-coalgebras are used by Virelizier j2Hl to 
construct homotopy invariants which generalize Hennings invariant of 3-mani- 
folds. 

Roughly speaking, a crossed Hopf G-coalgebra H is a. family {Ha}a£G of 
algebras endowed with a comultiplication A^jj: Hap — > H^ Hp, a counit 
£:: k — > Hi (where 1 is the unit of G), and an antipode Sq.: H^ — > H^-i- 
It is also required that H is endowed with a family of algebra isomorphisms 
iff}'. Ha — > Hpap-'^i the conjugation, compatible with the above structures and 
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such that ip0^ = ipfjoip^. li G = 1, then we recover the usual definition of a Hopf 
algebra. A universal R-matrix and a twist for a H are, respectively, families 
R = {?(a) C(/3) = Ra,f3 & Ha ® Hfj}^^^^^ and 9 = {Oa e Ha}a(iG Satisfying 
axioms that explicitly involve the conjugation. Properties of G-coalgebra are 
studied in 

In this article, following the constructions given, in the case of a Hopf algebra, 
by Joyal and Street , we consider which conditions a functor F from a tensor 
category ^ to the category of complex vector spaces should satisfy to obtain a 
crossed group Hopf algebra H such that will be isomorphic to the category 
of i/-comodules. In doing that, we extend Tannaka Theory to the crossed case. 
By using our generalization [221 of Joyal and Street's center construction |12j . 
we provide a construction of the quantum co-double of a crossed Hopf group 
coalgebra similar to the construction given by Street in the case of a Hopf 
algebra [23]. More in detail, starting from a crossed Hopf group coalgebra i7, 
we construct a coquasitriangular crossed Hopf group coalgebra D'{H) such that 
the category of comodules of D'{H) is equivalent to the center of the category of 
comodules of D{H). In particular, if D'{H) is of finite type (i.e. if every D'{H)a 
is finite-dimensional), then it is isomorphic to the dual of D{H*), where H* is 
the dual of H and D{H*) is the generalization of Drinfeld quantum double 0] 
introduced in [SOj . 

We should obseve that, once the correct axioms are fixed, then the proofs 
follow in a relatively simple way by generalizing the standard theory. However, 
to determinate the precise conditions for a crossed category to be Tannakian is a 
necessary step preliminary to other projects like, for instance, the quantization 
of the crossed structures (which is discussed in an article in preparation). 

1 Crossed Group Categories 

We recall some basic definitions about crossed structures, in particular the def- 
inition of a crossed group category. 



1.1 Basic Definitions 

A Crossed G-category 26 is given by the following data: 

• a tensor category 

• a family of subcategories {"^^a^aeG such that is disjoint union of this 
family and that U ®V e '^ap, for any a, /3 e G, U e'tfa, and V e'^/s; 

• a group homomorphism $: G ^ Aut('^): /3 ^ ^p, the conjugation, 
(where Aut('^) is the group of invertible strict tensor functors from 
to itself) such that <i>/3('^a) = ^/3q/3-i for any a,(3 £ G. 

Given a e G, the subcategory is said the a-th component of while the 
functors $/3 are said conjugation isomorphisms. Given /3 g G and an object 
V G 'j^i3, the functor <i>^ is denoted by ^ {■), as in [21], or even by ^ (•). The 
crossed G-category ^ is strict when it is strict as a tensor category. When 
G = 1 we recover the usual definition of a tensor category. 
We say that a crossed G-category 'rf is ahelian if 
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• each component is an abelian category, 

• for all objects U va^ both the functor [/ eg) _ and _ (8) C/ are both additive 
and exact, and 

• for all j3 E G, the functor Lpp is both additive and exact. 

Let & be an abelian tensor category. A functor _F: is exact if each 

functor Fa'- '^a ^ S> is exact. 

Remark 1.1. Let us recall the definition of the category of crossed G-sets jHUHl 
El (see also [HI, Example 9), also called G-automorphic sets or G-racks 
A G-set is a set X together with a left action G x X : (a,x) ax such that 
{al3)x — a((3x) and Ix = x for all a, (3 € G, and x £ X. A crossed G-set is 
a G-set X together with a function \ ■ \ : X G such that \ax\ — a|a;|a^^, for 
all a £ G and x ^ X. A morphism of crossed G-sets /: AT ^ y is a function 
such that f{ax) — af{x) and |/(a;)| = \x\, for all a £ G and x e X. The 
category tS" of crossed G-sets is a tensor category with the Cartesian product of 
G-sets AT (g) y and by setting = \y\, for all a; e AT and y d Y. The 

category is braided with cx,Yix,y) = for all a; G AT and y G Y. 

Finally is balanced with 9x{x) = \x\x for all x G X. Crossed G-categories 
are nothing but monoidal objects in the 2-category Cat(^) of categories in S' 
(the 2-category of objects in (? introduced by Ehresmann [HIE] is discussed, for 
instance, in pP). In particular, the definitions of braided (balanced etc.) crossed 
G-category provided below agree with the general definitions provided in |12j 
and 



1.2 Duals 

A left autonomous crossed G-category ^€ — {'^S', (•)*) is a crossed G-category 
endowed with a choice of left duals (•)* which are compatible with the con- 
jugation in the sense that if U* is a left dual of U via du '■ U* ® U — *■ I and 
6(7 : [/ (g) C/* — > I, then we have 

^l}{bu) = b^i-^(ij) and '^fi{du) = d^^^^u) 

for any (3 G G and U G^ . Notice that a duality (6^/, dij) for an object U in 
induces a duality on all $„([/) compatible with the previous equation id and 
only if the equation 

{bu,du) = {^p{bu).^0{du)) 

is satisfied for all (3 which commute with a. 

Similarly, it possible to introduce the notion of a right autonomous crossed 
G-category. An autonomous crossed G-category is a crossed category that is 
both left and right autonomous. When G = 1 we recover the usual definition of 
(left/right) autonomous tensor category |llj . 

1.3 Braiding 

A braiding in a crossed G-category is a family of isomorphisms 
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satisiying the following conditions. 

• For all arrows / G 'S'aiU, U') g G "if (F, V) we have 

{^{"9)® l)°cuy ^cu-y o[f !^g). (la) 

• For any U,V,W € we have 

c-u®vyv = o-v<svy^^^jy o {cjjv^, (^V)o a~\y^y o (U IS) cv,w) (lb) 

and 

cu,v<»w ^ a^iv^,jjy°(^{^V)'g)Cu,w'joauy^u-i^o{cuy<»W)oajjyyy. (Ic) 

• For any U,V e'lf and /3 G G we have 

$/3(cc/,y) = c<[.^(;7),<i>^(y)- (Id) 

A crossed G-category endowed with a braiding is called a braided crossed G-cat- 
egory. When G = 1, we recover the usual definition of a braided tensor cate- 
gory [121 . 

1.4 Twist 

A twist in a braided crossed G-category '^if is a family of isomorphisms 

satisfying the following conditions. 

• is natural, i.e. for any / G '^a{U, V) we have 

(2a) 

• For any U G ''^a and F G we have 

&U^V = Cu^VyUjj O Cc/(7^Vy O (g) 0y). (2b) 

• For any U and a G G we have 

$a(0c/) = e*„(c/). (2c) 

A braided crossed G-category endowed with a twist is called a balanced crossed 
G-category. When G = 1 we recover the usual definition of a balanced tensor 
category [T^ . 

A ribbon crossed G-category is a balanced crossed G-category that is also 
a left autonomous crossed G-category such that for any t7 G (with a G G), 

[i^u)®eujj}jobujj^{eu®u*)obu. (3) 

When G 1 we recover the usual definition of a ribbon category [181 1^ , also 
called tortile tensor category |12l 1131 122j . 
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2 Crossed Hopf Group Algebras 



We recall the definition of a crossed Hopf group algebra as in 30^ and we intro- 
duce the notion of a cobraided and a coribbon crossed Hopf group algebra. 

2.1 Basic Definitions 

A crossed Hopf G-algebra H is a family {{Ha, Aa,r]a)} of coalgebras en- 
dowed with the following data. 

• A family of coalgebra morphisms /ia,/3 : Ha ® Hp — > Hap, the multiplica- 
tion, that is associative in the sense that we have 

o{Ha(E> fip^^). (4) 

If, for all h e Ha and k e iJ^, we set hk = fia,i3{h, k), then can 
be simply rewritten as the usual associativity law {hk)l — h{kl) for all 

h e Ha, k e Hp, I e H-y. 

• An algebra morphism 77: k — > Hi, the unit, such that, if we set 1 = '7(lk), 
then Ih = h — hi for any h G Ha and a G G. 

• A set of coalgebra isomorphisms ipp =: Ha — *■ Hpap-^, the conjugation, 
such that 

- Lpp{hk) = ipp{h)ipp{k), 

- ^p{l) = 1. 

• A set of linear isomorphisms Sa ■ Ha Ha-i, the antipode, such that 

MQ-i,a ° {Sa ® Ha) O = 7? O = fJ.a.a-^ ° {Ha ® Sa) O A„. 

The coalgebra Ha is called the a-th component of H . We say that H is of finite 
type if dim H^ < oo for all a G G. 

2.2 Packed Form of a Crossed Group Algebra 

An equivalent definition of crossed Hopf G-algebra can be obtained as follows. 

Let H he a crossed Hopf G-algebra. We obtain a Hopf algebra i?pk, which 
we call the packed form of H. As a G-graded coalgebra, i/pk is the direct sum of 
the components of H. Let z„ be the inclusion of Ha ^ ^^pk- The multiplication 
/ipk of -ffpk is, by definition, the colimit of linear morphisms lim ^^^{iaf3°fJ-a.f3), 
i.e., the unique linear map from _ffpk i^pk to i/pk such that the restriction to 
Ha (S> Hp C i/pk ® -ffpk coincides with ^a,i3- The unit i/pk is Ipk = 1 G -ffi C 
iJpk. The antipode of iJpk is the sum S'pk = X^asG*^"- Hopf algebra 

iJpk is endowed with a group morphism (p: G ^ Aut(77pk): a i— > 'fipk,a, where 

<fipk,a = E/3eG "^a ■ 0/3eG ' ' ®/3eG ^13- 

Conversely, let i?tot = (-fftot,Vtot) be a Hopf algebra (with multiplication 
fitot, unit 1, and antipode S'tot) endowed with a group homomorphism </Jtot : G —^ 
Aut(i7tot): a ¥'tot,a- Suppose that the following conditions are satisfied. 

• There exists a family of sub-coalgebras {Ha}aeG of i?tot such that iJtot — 



5 



• Ha ■ Hp C Hap for all a,l3 ^ G. 



• 1 e Hi. 

• Vtot.p sends Ha C i?tot to Hpap-^ C i?tot- 

• Stot{Ha) C . 

In the obvious way iJtot gives rise to a crossed Hopf G-algebra H such that 
^^pk = Htot. We say that ifpk is the packed form of H . 

Remark 2.1. By dualizing in obvious way the axioms for a crossed Hopf G-alge- 
bra one get the dual notion of crossed Hopf G-coalgebra, see In particular, 
if ff is a crossed Hopf G-algebra of finite type (i.e. dim Ha < +00 for all a G G), 
then, by taking the linear duals of the components of H, we get in obvious way 
a crossed Hopf G-coalgebra H* , the dual of H. Notice, however, that, in gen- 
eral, it is not possible to describe a crossed Hopf G-coalgebra as a graded Hopf 
algebra. 

We say that a crossed Hopf G-algebra H is cosemisimple if every component 
of H is cosemisimple as a coalgebra. It is proved in i27j that, if if is a finite 
type crossed Hopf G-algebra, then the components of K are semisimple algebras 
in and only if the component Ki is a semisimple Hopf algebra. Therefore, by 
duality, we obtain that a crossed Hopf G-algebra H of finite type is cosemisimple 
if and only if its component Hi is a cosemisimple Hopf algebra. 

2.3 Categories of Comodules 

Let i? be a crossed Hopf G-algebra. We define the crossed G-category "^omH 
of left iJ-comodules as follow. 

• '^omaH is the category of iio,- comodules. 

• The tensor unit I is the ground field C with the comodule structure given 
by the the unit of H (i.e. c®1h for all scalars c). 

• Let M be a i/Q,-comodule with coaction Aj\/ : M — > Ha ® M : rrn^ ma ® 
ruM and let be a _ff^-comodule with coaction A^^ : N Hp N: n 
np^riM- Define M®N as the vector space M®cN with the i/a^-comodule 
structure given by 

• The functors ^p are defined as follows. Let M be a iiQ,-comodule. The 
-ff/3a/3-i -comodule = ^p{M) is isomorphic to M as a vector space and 
the element in corresponding to m G M is denoted ^m. The coaction 
of Hpap-i is obtained by setting 

{'^m)pap-i- ® i^m)0j^j = (fpinia) ^{ruM)- 

If / : Af ^ is a morphism of i/a-comodulcs, then set 

Pf = 'Ppif) : ^\m) ^\n) : ^ ^(/(m)). 
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Lemma 2.2. For all a,(3 ^ G the map 

If (3-. ^{Ha) Hfi^p-i : '^/i 1-^ tpp{h) 
is an isomorphism of Hp^p-i-comodules. 

The proof is straightforward and left to the reader. 

A cobraided crossed Hopf G-algebra is a crossed Hopf G-algebra H endowed 
with a family of linear maps 

IH = {7q,/3 : (8) i?/3 -> C} 
satisfying the following conditions. 

• There exists a family of linear maps ja,f3 ■ Ha ® C such that, for all 
h € Ha and k G Hp, 

laAh' ® k')jaAf^" ® fc") = 7a,/3(/i' 8) k')%.p{h' (g) k') = e{h)e{k). (5a) 

• For all h G i/o, and k G i/^, we have 

k'h'jaAh" fc") = 7a./3(/l' ® k')ipi3{h")k" . (5b) 

• For all /ii G i?Qi, /i2 G i?a2i E^iid fc G Hp, we have 

Iaia2,l3{ihlh2) «) fc) = laupihl ® k')ja2,l3{h2 ® k"). (5c) 

• For all h G i/a , fci G Hp-^ , and A:2 G ? have 

7a,/3i/32(^«) (^1^2)) =7/32a/3-\/3i(v'/32(/i")®^l)7a,/32(^'«)fc2)- (5d) 

• For all h G i/a, fc G Hp, and A G G, we have 

7AaA-i,A/3A-i (<yS'A(/i) «) </3A(fc)) = 7a,/3(^ ® fc)- (5e) 

Theorem 2.3. There is a 1-1 correspondence between braidings in "^omH (as 
a crossed G-category) and cobraided crossed Hopf G-algebras structures on H . 

Proof. Let iJ be a cobraided crossed Hopf G-algebra. We obtain a braiding in 
'igomH by setting, for every iJa-comodule M and every i/^j-comodule M, 

® n^a)("(nA')) ® mA/. 

Conversely, let c be a braiding in "^omH . We obtain a cobraided structure of H 
by setting, for all a, /3 G G, 

^l^p -.Ha® Hp ^ {^'Hp) ® Ha "^"^ °' i?a;3a-i ® Ha ~ > C, 

where 7q. is defined as in Lemma l2.2l The proof of the theorem is an adaptation 
of the standard proof for Hopf algebras (see |[I4j and JO]). □ 



7 



A coribhon crossed Hopf G-algebra is a crossed Hopf G-algebra H endowed 
with a cobraided strcuture 7 and a family 

TH {Ta- Ha ^ C}, 

called cotwisted structure, satisfying the following conditions. 

• There exists a family of linear maps Tq, : Ha ^ C such that, for all h G iJ^, 

Ta{h')Ta{h") = Ta{h')ra{h") = e„(/^). 

• For all h £ we have 

ra{h')^a{h") = h'ra{h"). 

• For all h G Ha and fc G we have 

• For all a G G, we have 

T(j-l O Sq, = Tq,. 

• For all a, /3 G G, 

Tpap-^ °fl3^ Ta- 

Theorem 2.4. There is a 1-1 correspondence between twist in "^omH and 
cotwisted structures in H . 

Proof. Let be a cotwisted crossed Hopf G-algebra. We obtain a twist in 
'-^omH by setting, for every i?Q,-comodule M, 

eii{m)^Ta{maT{mM). 

Conversely, let ^? be a twit in 'rfomH. We obtain a cotwisted structure of H by 
setting, for all a G G, 

Ta ■ Ha ^ "Ha Ha C. 

Again, the proof of the theorem is an adaptation of the standard one. □ 
2.4 Modularity 

We give a definition of modular coribbon Hopf algebra by transposing the usual 
axioms of a modular (ribbon) Hopf algebra, see e.g. or Then we 

introduce the notion of modular coribbon Hopf G-algebra. 

Let Hi be a coribbon Hopf algebra, let ?7 be a finite-dimensional Hi-co- 
module, and let / : U ^ U an endomorphism of i?i-comodules. We define the 
quantum trace of f as the scalar 

n 

qtr(/) = Y.n{{e.)H,)li,i{{enm ® {e^y^iJf{{e^)u){e%*, 
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being {ei}^^^ a basis of U, {e*}"^]^ the dual basis 7i_i the inverse of the cobraid- 
ing of Hi, and ti the coribbon of Hi (notice that this is nothing but the usual 
quantum trace of / inside the category '^S'omHi). We say that U is negligible if 
qtr(Idc/) = 0. 

We say that a coribbon Hopf algebra Hi is modular if it is endowed with 
a finite family of simple finite-dimensional i/i-comodules {T^jie/ satisfying the 
following conditions. 

• There exists an element G / such that Vq — €- (with the structure of 
ifi-comodule given by the multiplication). 

• For any i £ /, there exists i* E I such that Vi* is isomorphic to V* . 

• For any j, k ^ I, the i/i-comodule Vj ® Vkj is isomorphic to a finite 
sum of elements of {Vi}i,=i, possibly with repetitions, and a negligible 
_ffi-comodule. 

• Let Sij be the quantum trace of the endomorphism 

cvj,,i,Vi°cVi,v., ■■ ViC^Vj* ViC^Vj* : x®y ^ li,i{y'H^®x'Hi)liA.^Hi®yHi)^Vi®yv,,- 

The matrix (Sij)ijg/ is invertible. 

A coribbon Hopf G-algebra H is modular if its component Hi is modular. We 
observe that, if dimi/i < +00, then Hi is modular if and only if H^ is modular 
in the usual sense. Therefore, if H is of finite type, then it is modular if and 
only if H* is modular in the usual sense [211 E]. Also, Hi is modular if and 
only if the category 'rfomHi is modular in the usual sense. 

3 Tannaka Theory for Tensor Categories 

We recall some basic facts about Tannaka Theory. For a classical reference, 
see [201 ■ ^ reference about Tannaka Theory and braided tensor categories 
see Pnii of which we follows the approach, or [21]. In a couple of cases we also 
reproduce a short sketch of the proof since the notation introduced will be used 
in the sequel. 

3.1 Dinatural Transformations 

Let both "if and ^ be two small categories and let both S and T be functors 
from "^"p X to A dinatural transformation a: S — > T (see, e.g., [T^) is a 
function that assigns to an object C S an arrow ac ■ S{C, C) — > T(C, C) in 
such that, for all arrows /: C ^ D in'i', the diagram 




S{D,C) 



T{C,D) . 



(7) 




S{D,D) 



T{D,D) 
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commutes. 

Let B be an object of and S = B, i.e. the constant functor fixed by B. 
We can rewrite the commutativity of |(7|) as 

T{CJ)oac = T{f,D)oaD. 

We say that B is an end of T if a is universal for the property that, for any 
dinatural transformation a' : B' T, there exists an arrow b £ 3§{B' , B) such 
that the diagram 
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T{C, C) 

commutes for all objects C G If T has an end, then this end is unique up to 
canonical isomorphism. 

Let us consider again diagram lO and suppose this time that T — B for a 
fixed object B G ^€ . We can rewrite the commutativity of lO as 

aco5(/,C) =az3o5(I?,/). 

We say that i? is a coend of S if a is universal for the property that for any 
a' : S — > B', there exists an arrow b e ^{B, B') such that the diagram 



b 




S{C, C) 

commutes for all C £ Again, if S has a coend, then this coend is unique up 
to canonical isomorphism. 

3.2 Ends and Coends as Vector Spaces 

Let both X and Y be functors from a small category "t^ to the category Yect of 
complex vector spaces. 

Lemma 3.1. The bifunctor }iomt(X{_-^),Y{_^)^ has an end'Rom{X,Y). 

Proof (sketch). To construct Hom(X, y), for every morphism /: yl ^ _B in 
define two linear maps 

Pf,qf: Y[ Romc{X{C),Y{C)) ^llomu{X{A),Y{B)) 

by 

Pf:u = {uc\C£'^}^Yif)ouA, 
qf.u^iuclC e'^}^UBoX{f), 

and Hom(X, Y) as the equalizer of all pairs {pf,qf). When X — Y we will use 
the notation End(X) = Hom(X, Y). □ 
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Lemma 3.2. If both X and Y send all objects to finite dimensional vector 
spaces, then the bifunctor Honi|j(X(_J, y(_2)) has a coend liom{X,Y) and 
Honi(X,r) is the dual of Rom {X,Y). 

Proof {sketch). Define liom{X,Y) as the coequalizer of all pairs (*pf,*qf), 
where / : ^ — > B is an arrow in ^ and 

'pf,'qf -.RomciX {A),Y{B)y ^ ^ Romc{X {C),Y {C))* . 

When X = Y we will use the notation End''(X) = Hom(X, Y). □ 

Let U and V be two finite dimensional vector spaces. By means of the 
canonical isomorphisms Homc(?7, V)* = V* U = Homc(V, U) we have a 
pairing 

(_^, : Homc(?7, V) x Homc(V, U)^C: {h, k) ^ tr{hk). 
By using this, Hom''(X, Y) can be defined as the common coequalizer of all maps 

If, jf. llora{Y{B),X{A)) ^ ^ Hom(r(C), X(C)) , 

where, for any h G liomc{Y{B), X{A)) , we set 

if{h) = {hoY{f),A) and 
jf{h) = {Xif)oh,B). 

Here the second component of a pair {hoY{f), A) indicates to which component 
of the direct sum this element belongs. 

For any object C in and any map h G Homc(F(C), X(C)), let [h] be the 
image of h under the canonical map YLamciY {C) , X [C)) 'H.om{X,Y). The 
space Hom"'(X, Y) is generated as a vector space by the symbols [h] subject to 
the relations 

• [ci/ii + C2/12] = ci[hi] + C2[/i2] for all /ii,/i2 e Hom(y(C),X(C)), and 
ci,C2 e C, 

• [koY{f)] = [X{f)ok] for all / : A ^ B in ^ and fc G Home {Y{B),X{A)) . 
The pairing between Hom(X, Y) and Hom"'(X, Y) is given by 

Rom{X,Y) x Hom'-(X, F) ^C: {u,[h]) H^tr(uco/i), 

where h G Homc(r(C),X(C)). 

3.3 The Coalgebra End^X) 

Let X : — > l^eci be a functor whose values are finite dimensional vector spaces. 

The space 'End'{X) = Hom''(X, X) is a coalgebra as follows. 

Recall that for any vector space V the space End(y) is a coalgebra via 

6: End{V) End{V) (g) End(y) : e} ^ el (g) e), 
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where ei, . . . , e„ is a basis of V, e'j = e| (8> ej, and on the right hand side the 
sum runs on fc = 1, . . . ,n. The counit of End(V) is the trace tr: End(y) —> C. 
The coalgebra structure on End''(X) is given by 

A[e}] = [ei]®[e)], 

with counit 

e[h] = tr(/i), 

that is, End'(X) is a quotient of direct sums of coalgebras via the canonical map 

End(X(C)) ^ End-(X). 

The foUowing lemma will be crucial in the next section. Let both X : 'i^ ^ 
Yect and Y: 2) ^ "Vect be functors whose values are finite dimensional vector 
spaces. Set 

X (g) r : X ^ ^ feet: ([/, V)->IJ®V. 

Lemma 3.3. The map 

m: End-(X) End'(F) — ^ End-(X Y) 
[S]0[T] ^ [5®T] 

{for any object A in , and B in 2, and any S S End(X(A)) and T e 
End(y(B))) is a coalgebras isomorphism. 

Let both X and Y as above. We say that i^: — > ^ is an equivalence 
[rcsp. an isomorphism] of Tannakian categories it is an equivalence [resp. an 
isomorphism] of categories and X = Y o F. 

Lemma 3.4. The map End'{X) End''(r) : [h] [h] {for all objects C in 
and all h S End(X(C)) = End((y o F){C))) is a morphism of coalgebras and 
it is an isomorphism if and only if F is an equivalence of Tannakian categories. 

We also need a small variant of the previous lemma. 

Lemma 3.5. Let F -.^ 2 be an isomorphism if categories and let f : X —> 
Y oF be a natural isomorphism. The map End''(X) End''(F) : [h] [fc oho 
f^^] is an isomorphism of coalgebras. 

The proof is straightforward and left to the reader. 

The main theorem of Tannaka Theory is the following one. 

Theorem 3.6. Let ^ be an abelian category endowed with a functor F:^^ 

Yect whose values are finite dimensional vector spaces and which is both exact 
and faithful. The category ^ is equivalent to the category '^omEnd"'(F) of finite 
dimensional End^{F)-comodules. Moreover, if^ is equivalent as a Tannakian 
category to ^omC for another coalgebra C, then C is canonically isomorphic to 
End-(i^). 
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4 Tannaka Reconstruction for Crossed Structures 



We introduce now the analog of Tannaka Theory in the context of crossed 
structures. 

Let ^ be an autonomous abelian crossed G-category (again we suppose '€ 
strict, but the results can obviously be generalized to the case of a category 
equivalent to a strict one). A fiber crossed G-functor is a couple (^F, {^p}i3£g) 
such that F: — > Yect is an autonomous tensor functor (i.e., a tensor functor 
with preserves dualities) whose values arc finite dimensional vector spaces and 
which is faithful and exact, while Lpp: F F o <^fj is a natural isomorphism 
satisfying the following conditions. 

• (fp^ o ipp^ = 'Pfiifi^ for aU /3i, /32 G G and (pi^ = Id. 

• Ifweseti^Q = I , then <yj^ induces a natural isomorphism — -F/3a/3"io 

We say that is a Tannakian crossed G-category if it is endowed with a fiber 
functor. We say that two Tannakian crossed G-categories with fiber functor 
X and S> with fibre functor Y are equivalent [resp. isomorphic] if there is an 
equivalence [resp. an isomorphism] of crossed G-categories F : ^ — > such that 
X oF. 

Theorem 4.1. Let ^ = ('^, F, {(^^j^gc) be a Tannakian crossed G-category. 
There exists a crossed Hopf G -algebra H = H(^<o), unique up to isomorphism, 
such that = "^omH as Tannakian crossed G-categories. 

Proof (sketch). For all a G G, let us set Ha — End"'(FQ). The functor Fa is 
obviously exact and faithful, so we have = '^omHa- By Lemma 13.51 the 
conjugation $ of and the give rise to a family of isomorphism Lpp : Ha — > 
Hf^afi-^ with the obvious property that fi^ — Id and ^fiiii^ — VfSi ° fi32- 

Suppose, for simplicity, that ^ is strict. Then, by Lemma 13.31 with X = Fa 
and Y ^ Ffj, and observing that Fa{U) ® Fp{V) = Fap{U ® V) for all objects 
U and V in we get a morphism (which is actually also an isomorphism) 

TOa,/3 : Ha® Hp ^ Haf). 

It is easy to prove that in that way we obtained a multiplication for H with unit 
[1] , being 1 the element of Fi^ (I) corresponding to 1 G C under the isomorphism 
Fig (I) = C. If "if is not strict, then one can define the product of [h] and [k] 
(where h G End(F(t/)) and k G End(F(y))) as the class of the map 

F{U ®V)'^ F{U) ® F{V) F{U) ® F{V) ^ F{U ® V) 

(notice that exactly the way used by Joyal and Street ^| to endow the coalgebra 
H = ^aeG '-^^ ^ structure of bialgebra). 

Now, let U be an object in "^^q and let U* be its left dual. Since tensor 
functors preserve the dual pairings, for all h G F,nd[Fa{U)) there is a transposed 
endomorphism */i G 'End{Fa-i{U*)) . We set 

Sa{[h]) = ['h]. 

The proof that s is an antipode is then an adaptation of that in 10 (Proposi- 
tion 5, page 468) and is omitted here. 
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Finally, by using Lemma 13.51 we get a family of isomorphisms ipp : Ha 
H/3ai3^ ■ To check that tp satisfies our axioms is routine. □ 

Corollary 4.2. If^ is braided, then H is coquasitriangular and"^ = '^omH as 
braided crossed G-categories. If^ is ribbon, then H is coribbon and ^ = "^omH 
as ribbon crossed G-categories. 

Proof. Suppose that is braided. The equivalence E: '^omH — > ^ induces 
a braiding in '^omH by setting, for all objects M and N in '^omH, cm.n — 
E~^{ce(m).e{N))- Thus, by Theorem 12. 31 H is coquasitriangular. The proof for 
the ribbon is similar. □ 



5 Quantum Co-double Construction 

In the author generalized the center construction for tensor categories ^21 
to the case of crossed group categories. Stating from any crossed group cate- 
gory the center construction provides a braided tensor category 3f{'T^). In 
similar way, by means of the generalization in )29| of the construction in jl5| 
and jSnii starting from a braided crossed G-category one can construct a 
ribbon crossed G-category 0{&). By means of the Tannaka theory for crossed 
G-categories, we can use these constructions to recover in the crossed case the 
results about the quantum co-double of a Hopf algebra discussed in |23j. Let 
us recall the definition of both the center ^{■) and the ribbon extension 9{-) as 
in |2ni. 



5.1 The Center 

Let be a crossed G-category. The component Sf^i^^) = (^C^))„ of ^("T) is 
the category whose objects are couples (C/, c_), where U is an object in and 
c_ is a natural isomorphism of endomorphic functors in ^ 

c.: (U®^^ ^.®U 

such that, for aU V^, e 

tv®W = (^('^^) ® Cw/^ ® (Cy ® Y). 

If both ([/, c_) and {V,'0_) are objects in 2fa{^<o), then an arrow /: (C/, c_) — * 
(y, D_) is a map f:U—>V such that 

for aU W e"^. The tensor product of {U, c) in .^^C^) and {U' , c') in JT^'C^) is 
obtained by setting 

(t/,c)®([/',c') = {U®U',cW), 

where, for all W 'rf, 

(c®c')iy = (c/ \ ®V)o{U ®c'w). 
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Finally $^([7, c.) = ($/3(J7), cf ) , where, for all F e 



4 = ^pK-^ix))- 

The crossed G-category is braided by setting 

Lemma 5.1. If is abelian, then is abelian and the forgetful functor 

Z: ^(<r) ^ (f/, c.) is exact. 

The following proof is adapted from the one for the center of a tensor cate- 
gory given by Street [23]. 

Proof. For all a G G, let Oq, be the object of "^a. For all objects X in'^p, we 
have 

So, if Oa[X] is the identity of 0^^, then we get an object (0^, Oa[-]) in ^('^). 
Let both (C7, c_) and ([/', c') be objects in ^{^) and let X be an object in 
By setting 

(cec')x: {U(BU')<»X ^ {UCS>X)(B{U'C^X) ^^^^ (^("x) ®;7^ © (^("x) ®c/'^ = ("x)®(c/©c/') 

we get an object {U, c.) ® ([/', c') = ([/ © C/', (c ® c').) in "^q. 

Let /: (U, c.) ^ ([/', c^) be an arrow in ^^C^) and let k(/) : K(/) ^ C/ and 
c(/) : U' C(/) be the kernel and the cokernel of / in "^q. Since the following 
diagram in exact 

K{f)®X > ^U(giX ^U'(S)X ^C{f)'SiX 



hx) ® K(/) >— hx) ® U — — ^ ("X) C/' -— ^ ("X) C(/) 

there are unique and making it commutative. One can prove that 
k(/): (K(/) 0;7,i?[/].) ^ (;7,c.) and c(/): {U',c'_) (€(/),£[/].) are the 
kernel and the cokernel of / in 3fa . The rest follows easily. □ 

5.2 The Ribbon Extension 

Let be a braided crossed G-category. To define 6'(i^) let us firstly define 

the balanced crossed G-category '2!'^ . The component — {^'^^ of '3^ is 

the category whose objects are couples {U,t), where U is an object in 3a and 
t: U is an isomorphism in 3. An arrow /: {U,t) {U',t') in 3^ is a 

map f : U ^ U' is 3a such that 



(^/)ot = t'o/. 
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We set 

{u,t)(g){u',t') ^ (u (g,u',mt'), 

where 




Finally, we set 

$0(C/,t) = (<l>;3(C/),$^(i)). 

The braiding of & induces a braiding in and is balanced with the twist 

()(u,t) = t. 

The following lemma follows by the proof of Proposition 4 in |23| . 

Lemma 5.2. If is abelian, then 'S^ is abelian and the forgetful functor 
Zi: -> ^: {U,t)^U is exact. 

The crossed G-category is not necessarily ribbon. However, let S' bal- 
anced crossed G-category and let the full subcategory of S' of objects U 
such that there exists a left dual U* 

• compatible with $, i.e. such that eq. 11.2|l is satisfied, 

• compatible with 0, i.e. such that eq. Q is satisfied, and 

• we have 

where, by definition, 9^ = 6u) o Ou, 0^'^ = (6'^)~\ and 

^(b„,du) = {du^uu,m)o(^{^®^U*^®Cuuv^uu^o(^{cuuuu*obuij)®^®^ 

where, for all objects X in and Y in "^^p, we set cx,y — ^-i j^-)^^- 
The category ,yV{S) is a ribbon crossed G-category. Thus we set 

Lemma 5.3. If S is abelian, then jV{S') is abelian and the inclusion N : .yV{S') — > 
is exact. So, when <S = we get an exact functor Z2 — Zio N : d{&) — > 

The following proof is again an adaptation of that given in Street in the 
case of a tensor category. 

Proof. We only need to show that ,yV{<S) is closed under finite limits and finite 
colimits. Since [U © V)* = U* ®V* and e^jjt^v)' = S*jj^y, the category .yV{<g) 
is closed under direct sums. Now, if / : J7 — > is a map in an autonomous 
category and both U and V has left duals, then the cokernel object C(/*) of 
/* is a left dual of the kernel object K(/) of / while the kernel object K(/*) 
of /* is a right dual of the cokernel object C(/) of /. Further, if / is a map 
in an abelian crossed G-category and eq. (|1.2(1 holds for both U* and V* then, 
it holds also for both C(/*) and K{/*), since the $c( are exact. If we are in a 
braided crossed G-category, then a right dual is also a left dual, and so K(/*) 
is a left dual of C(/). So, if / is a map in yf^(S'), both K(/) and C(/) have left 
dual in (o. By using the naturality of the twist, one can prove that both K(/) 
and C(/) also satisfy eq. ©. □ 
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5.3 The Quantum Co-double 



Theorem 5.4. Let H be a crossed Hopf G-algebra. There exists a coquasitri- 
angular crossed Hopf G-algebra D*{H) [unique up to isomorphism) such that 

'^om{D*{H)) = Sfl^^omH) 

as braided Tannakian crossed G- categories. Let H' be a coquasitriangular crossed 
Hopf G-algebra. There exists a coribbon crossed Hopf G-algebra R{H') [again 
unique up to isomorphism) such that 

'^om{R[H')) = 0['^omH') 

as ribbon Tannakian crossed G-categories. In particular, for H' = D*[H) we 
get 

'^om(^R{D*[H))^ ^ e{^['S'omH)). 

Proof Let = 'rfomH and let | • | : 'ifomH feet and Z: 2^['€) ^ be the 
trivial forgetful functors. By Lemma lKTI the functor Zo\-\: S'i^omH) 'Yect 
is a fiber crossed G-functor. Thus, we are allowed to apply Tannaka theory 
getting the Hopf G-algebra D[H) such that 3f['ifomH) = '^om{D[H)) 

The proof for the ribbon structures is similar and left to the reader. □ 

We recall that, given a crossed Hopf G-coalgebra K of finite type, one can 
construct a quasitriangular crossed Hopf G-coalgebra D[K) such that 2f{^odK) = 
^od[D[K)) , being ^odK the category of finite dimensional if-modules, see [23 
I30| . In particular, D[K) is of finite type if and only if H is totally finite (i.e. 
SasG dimiCo, < +oo). In that case, both the dual of K and the dual of D{K) 
are crossed Hopf G-algebras. It is easy to prove that we have an equivalence 
of crossed G-categories ^odK = "^omK* . We deduce the following chain of 
equivalence of braided crossed group categories 

'^om[(D[K)y^ = ^od(D[K)) ^ 2f[^odK) = ^{'gom[K*)) = '^om{D* [K*)) . 

(8) 

Corollary 5.5. Let H be a totally finite crossed Hopf G-algebra. The coquasi- 
triangular crossed Hopf G-algebras D*[H) and [D[H*)^ are isomorphic. 

Proof. By setting K = H* in ((SJ we get an equivalence of braided G-categories 
%m((;D(ff*))*) ^'^om{D*[H)). 

By Tannaka theory, the two crossed Hopf G-algebras must be isomorphic. □ 

Starting from a braided crossed Hopf G-coalgebra L of finite type, there 
exists a ribbon crossed Hopf G-coalgebra RT[L) such that ^od(^RT[L)') = 
6[^odL), see I^HIEOI- By means of a chain of equivalence of ribbon G-categories 
similar to the previous one we get the following result. 

Corollary 5.6. Let H' be a Hopf G-algebra of finite type. The coribbon crossed 
Hopf G-algebras R[H') and (^RT[H*)^ are isomorphic. 

By combining the two previous corollaries, we finally get the following result. 
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Corollary 5.7. Let H be a totally finite crossed Hopf G- algebra. The coribbon 
crossed Hopf G -algebras R{D*{H)) and (^RT(D{H*))y are isomorphic. 

The quantum double of a totally finite semisimple crossed Hopf G-coalgebra 
is modular with 6a = la [SHI- One can easily prove the following result. 

Corollary 5.8. The quantum co-double D*{H) of a totally finite crossed Hopf 
G-algebra is modular with Ta = Sa- 
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